TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 209, 1975

SHEAVES OF H-SPACES AND SHEAF COHOMOLOGY
BY
JAMES M. PARKS(})

ABSTRACT. The concept of a sheaf of H-spaces is introduced and, using
the Cech technique, a cohomology theory is defined in which the cohomology
“groups” are H-spaces. The corresponding axioms of Cartan [3] for this theory
are verified and other properties of the theory are investigated.

0. Introduction. In defining sheaves of algebraic structures the local homeo-
morphism condition is central in order to topologize the sheaf space in such a
way as to preserve the (discrete) stalkwise structures. If the stalks are allowed
to support a nondiscrete structure (such as an H-structure) then the local
homeomorphism condition will no longer suffice. However by weakening this
local condition (such that the local path-connectedness is preserved under the pro-
jection (open) map) a topology may be introduced in the sheaf space in such a
way as to preserve the stalk structures and include the discrete situation as a
special case. This is the basic aim of this paper.

In §1 the definition of a sheaf of H-spaces is introduced and examples and
terminology are covered. Particular attention should be paid to the main example
below as a motivation for such sheaves vs. sheaves of algebraic structures. The
cohomology theory is defined in §2 using the Cech construction [2, pp. 470—
471], and the axioms for this theory (cf. [3]) are demonstrated in §3. In §4
the excision property is covered, and in §5 the homotopy property for this co-
homology is proved.

All base and stalk spaces are assumed to be Hausdorff and the term mapping
always means continuous mapping. Finite indexes are denoted by w. The term
H-space means a space with a continuous multiplication (an H-structure) which
admits a two-sided identity (up-to-homotopy). (It is not assumed the stalk spaces
satisfy the homotopy extension property.) Terminology will follow [10] with
particular attention to Definition 1.3 whenever maps of sheaves of H-spaces are
involved.
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1. Sheaves of H-spaces.

DeFINITION 1.1, If {H,,u,} 5 is a collection of H-spaces (and correspond-
ing multiplications) indexed by a given space X, let H = UXHx and let the func-
tion p: H — X be defined by p(H,) = x. A basis for a topology on H is deter-
mined as follows. Given a point a in H, a set NV in H which contains a is called
open iff p(N) is open in X and N N H, is open and path connected in H, for all
x in X. If for each point in H a path-connected neighborhood in the basis deter-
mined above exists and the operations ., are continuous in this topology on H,
then the structure (H, p, X) (or H when X is understood) is called a sheaf of H-
spaces. Clearly a sheaf of algebraic structures is a sheaf of H-spaces.

EXAMPLES. Let p: E—> B be a map such that p~1(x) > F, F a given space
(a quasi-fibration [8], [10] for instance), and let E' = {9 € EFlp: F =5 p~1(x)
for some x € B}. Then if p': E' — B is defined by p'(¢) = p(¢(F)), one has
p'~Y(x) = F' = {y: F — Flp is a homotopy-equivalence}, i.e. p' is the associated
(principal) map to p [9]. If E reflects the local path-connectedness of B via p
as in 1.1 above then the space E' is a sheaf of H-spaces (of type F') over B.

An example of a sheaf of H-spaces which is not itself an H-space is the sheaf
(S2, p, D), D the unit disc in the plane, with p the projection of S? onto D. (The
only spheres which support H-structures are S, S?, 83, and 87 [1].)

DEFINITION 1.2. Let 6: X — H denote a (not necessarily unique) section
which satisfies: 6(x) € C(e,) C H, for all x in X, where C(e, ) is the component
of the identity in H.

Let S(X, H) denote the collection of global sections of H with the compact-
open topology. Define a multiplication u on S(X, H) as follows: if s, t € S(X, H),
then for eachx € X

(1.2a) s, 1)(x) = py(s(x), £(x)).

Continuity is immediate. Note u is continuous if X is locally compact, how-
ever the following argument demonstrates this condition is not necessary. Let U
be an open set about u(s, £) in S(X, H). Then there exists a finite collection of
open sets in the subbasis, {M(C;, 0))} ;e such that u(s, 1) € N, M(C;,0,) C U.
Let U, be a neighborhood of s(x) in H, and V; a neighborhood of #(x) in H, x €
C;, such that if s; and ¢, € S(X, H) such that 5,(x) € U, and t,(x") € V;, where
x' € C, then p(s;, 1)) = p(5;,x), £,(x")) € 0,. Thus s €M(C,, U,) and
t€NMC, V). Lets €NM(C, U) and £ €NM(C, V), then (s, £') €
NM(C, 0,) since u(s', £')(x) = 1, (5'(x), £ (x)) € O, whenever x € C; by definition
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of U; and V;. An identity (up-to-homotopy) for S(X, H) is the section . The
notation s o ¢ will be used for u(s, ¢) below.

If U C X, then S(U, H|U), where HIU = p~1(U), is an H-space under the
induced multiplication from S(X, H). Denote S(U, H|U) by S(U, H) below.

Let F be a family of supports on X and U C X. Then Sg,(U, H) is the
collection of sections s € S(U, H) which satisfy |s| € F|U, where FIU = {4 C U]
A €F} and |s| = {x € Xl|s(x) & C(e,)}. The collection Sp (U, H) is closed
under the multiplication of S(X, H) restricted to Sg,,(U, H), for if s, t €
Sgiu(U, H), then [sl, |#] € FIU and, since |ug (s, DI~ D Isl” U |#l”, it follows
that lug (s, DI C Isl N [¢] and thus lug (s, )| € FIU, or Sg (U, H) is an H-
space.

DEFINITION 1.3. Let H and K be sheaves of H-spaces on X. A map of
sheaves of H-spaces a: H — K is a map such that

(1 3a) D& =p,,
(1.3b) a,: H, — K, is an H-map [10].

H—>— K

ANV

X

Note, if a is a map of sheaves of H-spaces H — K, then H ~ K iff o, ;: H, — K,
is a homotopy equivalence for all x € X.
The map a induces a map a’: S(X, H) — S(X, K) by the rule a'(s) = as,
s € S(X, H). The section functor S is thus a functor on the category of sheaves
of H-spaces on some fixed base space to the category of H-spaces and H-maps.
DEFINITION 14. Let ¥V C U C X be open sets and define as usual the map

(1.4a) Yy S, H)— S, H)
by restriction. This map is clearly an H-map, and the collection
(1.4b) z={SU H), Y}

forms a direct system.
DEFINITION 1.5. A presheaf P of H-spaces on X is a contravariant functor
on Ty and inclusions to the category of H-spaces and restrictions (H-word-maps).
Let M = Uyer X(U x P(U)) and define (x, a) ~ (¥, b) iff x = y and there
exists a neighborhood of x, say W C U N V, such that P(i,Y)(a) = P(in)(b),
where (x, ) € U x P(U) and (», b) € V x P(V) and in is inclusion.
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Form the quotient space H= M/~ (the quotient topology is assumed). Let
m: H— X be the projection map induced by p: M — X, where p(x, a) = x
(note 7 is open since p is open and 3 is continuous, where ; M — H is the
natural map).

Consider 7~ '(x) = H, = {x, @}. This is clearly the limit:

(1.52) L {A0), 1Yy} = {@I(y, b) € (b iff Y@ =r",0b),xewCUN},
xeU
and has a natural H-structure. Thus H is essentially U, ¢y H,-

Since the stalkwise multiplications in M are continuous, they are so in ﬁ,
and § is called the sheaf of H-spaces generated by P on X.

Note if H is a sheaf of H-spaces and P is the presheaf of sections of H, there
isamap y: H — H defined by ¥(a,) = (@), = {s|s(x) = a} which preserves the
H-structure and is a homotopy equivalence stalkwise, with inverse (a), = a,, where
s'(x)>~aforalls’' € (a),. Thus H ~ H as sheaves of H-spaces by 1.3.

2. Sheaf cohomology. It is assumed below that the stalk H-structures are
homotopy-associative, homotopy-commutative and admit homotopy inverses [10]
which are continuous in the topology of the sheaf space. These restrictions are
sufficient for this construction. The H-space S(U, H) inherits these additional
properties through the induced H-structure. A sheaf cohomology with coefficients
in a sheaf of H-spaces will be defined using the Cech technique (cf. [2], [4]).

DEFINITION 2.1. Let w = {w;} andv = {v,-} be open covers of X with
corresponding nerves w and v. If the nucleus N = n‘,’,,:o Wi # & then
Wig - - - Wy, is a g-simplex (which is denoted by i, . . . 7 for convenience). Let
w(g) denote the collection of g-simplexes in w.

Define the g-cochains of w with coefficients in = (see (1.4b)) by

(2.1a) Ciw, 2) = {f7: w@) — ZIfGy . - . i) € SW, H)},

N the nucleus of iy . . . i;. Topologize C9(w, Z) with the compact-open topology.
Define a multiplication on C9(w, Z) by the rule:

(2.1b) (F? 2 8Ny - - - i) = uy(F0o - - - ig), 87y - - - 1)),

where 19, g7 € CY(w, Z).

If 67 denotes a map iy . . . i; — Oy € SWV, #), then by an argument simi-
lar to that of 1.2 C9(w, Z)is an H-space with a homotopy-associative and homotopy-
commutative H-structure which admits homotopy-inverses.

Let

(2.10) Ciw, Z) = {fT€CI(w, 2)IIf9 €F},
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where | f9] is the closure of the union UIf9(G, . . . ig)! taken over w(q). By 1.2
and the above definition of multiplication on CI(w, Z) the space CZ(w, Z) is an
H-space under the induced multiplication of C(w, Z).

DEFINITION 2.2. Define a map d: Cg(w, Z) — CZ*1(w, Z) by

. . atl N . ,
(2.2a) @ N - - igy)) = k(‘)0 O *nfGy -3 ig41)

where N = Nt w, # BN, =NpurW;, # @, fork=0,...,.q+1;
Lis the homotopy-mverse onS(V, H) and (v denotes ¢t on the odd terms and the
identity (up-to-homotopy) on the even terms. The right-hand side of equation
(2.2a) is a shorthand notation for the product:

N . . N - ,

FrONfaGy o igyy) o YafOlgiy - o igyy) o
(2.20) N N S
o (W FnfUly - g dger) oo (O I INfAGG L)

LEMMA 23. The map d is an H-map and d? is trividl (i.e. d* = 6).
PROOF. Let f9, g7 € CE(w, Z) and (i . . . ig4 ) € w(g + 1). Then

a . . N N . .
(23 @07 o o -+ iqs )™ O O *nf® e Moygtlig g - -igs)
and
+1
@70 dgTlig - - - iguy) = (ZC:O'(t)rN"qu(io T iq+,))
(2.3b) ‘

q+1 N
°(k(_30 O *ng%y .o g iq+l)>‘

Since the H-structures are homotopy-commutative, (2.3a) and (2.3b) are
homotopic and d is an H-map.
Let (i - . . ig4,) € w(g + 2), then

@D - - - igyr)

(2.3¢) a+2 o a+ N
= 0 kN( o @ klNka(io...;...,;...iq+2)),
= i

where Ni; =y tjim 2k Wiy -
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By definition of the restriction maps (1.4a) Ak NrN"f (Y ki - Note also
Nyj =Ny and 1o ¢=1.) By expanding (2.3c) and applying this information one
has

@3d) @D« igyr) =0T 3G . - igy,) =0y ESW, H).

DEFINITION 24. Let Ker d9 = {f9|df9 = 69*'} and Im d9 =
{fatlifa+l =~ g9fq for some f9}.

LemMA 2.5. Im d? and Ker d? are H-spaces for q = 0.

Proor. If f9, g2 € Ker d9, then clearly f9 o g7 € Ker d?, and Ker d9 is
an H-space under the multiplication of CEZ(w, Z).

Let f9%1, g2*1 € Im d9. Then there exist elements f9, g7 € Ci(w, I)
such that f9+1 = g9fq and g9+! =~ 99, Thus f9*! o g7*1 € Im d? (also
69! € Im d9, since d969 >~ §9* 1), and Im d? is an H-space.

DEFINITION 2.6. By 2.3 Im d?~1 C Ker d? for ¢ = 1. Define

(2.62) Hiw, Z) = {f% o Imd?~!|f? € Ker %},

where f? 0 Imd?~1 = {f% 0 g9)g?7 € Im d?~ !} (recall the definition of Im d9~!
above (2.4)). Recall also (2.1) the H-structures involved are homotopy-commuta-
tive, thus H3(w, Z) is well defined (as Im d?~! behaves as a normal subgroup in
view of 2.4, i.e. Im d9~1 determines an equivalence relation on Ker d? which is
natural with respect to the H-structure on Ker d? 2.5). Under the quotient
topology an H-structure is induced on H(w, Z) by the rule

(26b) Y (fToImd? ), g2 oImd? )= (f70g%) 0 Imd? !,

Let (f9) denote the coset f7 o Im d?~! and 6 denote 67 o Im d?! below.

The induced map ' is continuous by the following argument. Let {f9),
€N EHEw, Z)and let &' = W'(fD, (g?). Let U be a neighborhood of
I, then by the quotient topology U = {(j%)}, where j2 € ¥ C Ker d9, V open.
Now h' € Uso ' = h? o Im d?~ ! for some h% € V. By the continuity of u
there exist neighborhoods W, and W, of f? and g9, respectively, such that
u@m?, n?) € V whenever m? € W, and n? € W,. Thus if W] is the open set
determined by W, and W, is the open set determined by W, (in Hi(w, Z)), then
H' ¢m?), (n%)) € U whenever (m?) € W} and (n?) € W,.

DEFINITION 2.7. If v and w are open covers of X and «w refines », v < w,
let p*,, denote a (nonunique) projection map of simplexes (i - . . iy) € winto
simplexes (g . . . Ip)Evp<q

This map induces a map pw#v: CL(v, Z) — C}{(w, Z) by the rule:
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(2.7a) pP* Gy . . i) =My iy . . . piy),

where N = nwim, M= nvik=pim’ and f9 € CE(v, 2).
Note [p*#_ 9| C |f9], and p* ¥, is an H-map since ™, is an H-map (1.4).

v \

et ———y CE(U,E)—"—U_’ Cg“i'l(v,z)___,...
pw# pw#
v v
$ a9 v
v q+1 ..
v —— CFq(w, J)— C{ wZy—: -

LEMMA 28. Ifv<w then forq =1

(2.83) d?vPW#v ~ pw#vdg’
(2.8b) p*¥# (Ker d?) C Ker d?,
(2.8¢) p¥#,(m d?~ ') CImd¥ !,

PROOF. (2.8a) is immediate, (2.8b) follows from (2.8a), and (2.8¢c) follows
- by a standard diagram chasing argument (see diagram above).
DEFINITION 29. By (2.8) p™¥, induces an H-map p"*,: Hi(v, Z) —
HE(w, Z) by the rule:
(2.92) PYr D) = ¥ ¥ 1D,
where {f%) € H}(v, ).
The uniqueness of the induced map p* *v is demonstrated by the following

lemma.

Lemma 2.10. If p¥, and p"”, are projection maps of w to v, then p* *v =
rwk

Py
PROOF. Define as usual a map D: Ci(w, Z) — CZ~1(w, Z) by
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, -t My g ., 1
(2102) Df(g ... iq_1)= O O N iy .. pirpiy. .. p'i,_y),
k=0
where M, = (N% _, Wpip) N N2 Wp'ip)» and N = Nv;. Then

(2.10)  (Ddf? o dDf Uiy . - . i) = @™*, 0 p¥* iy - . . i).

If {(f9) € H¥(v, ), then f9 € Ker d? and Ddf? = 49, while dDf? €
Im d?~!. Thus ((Dd ° dD)f9) = 6 and p"™*, = p**.

DEFINITION 2.11. By 1.4 and 2.7 the collection {Hf(w, Z), p¥*,} forms a
homotopy-direct system.(?) Define the cohomology of X with values in H and
supports in F as the homotopy-direct-limit(®) of this system

(2.11a) HE(X, H) = L{HP(w, Z), p**,}.

THEOREM 2.12. HH(X, H) is an H-space.
ProorF. If a <f<v < w, then

(2122) P (7" L), PU* (), )) = 1, (™, ((X),), B *, (1), ),
and

(2.12b) 1, (P * (X)), PP * J(x,)) = PP ¥y (x),, X1,

since the connecting maps are H-maps.
The limit space HE(X, H) has a continuous multiplication u defined as follows:

(2.12¢) B0, Gy = (0% (00),), BY* 5 (),

where (x),, (x), € HR(X, H) and &, < v.

The definition is independent of the choice of v and of the choice of repre-
sentative of the elements of HE(X, H) by a standard argument. Denote u({x),, {x},)
by (x), o {x), and (6), by 6 below.

A homotopy-inverse for H%(w, Z) is t,,, and a homotopy-inverse ¢ for
HE(X,H) is defined by «(x),) =(t,(x,). The associative and commutative prop-
erties of the H-structures on the spaces HZ(w, Z) carry over to HE(X, H) in view
of the definition of the H-structure on HR(X, H) above.

If H is a sheaf of H-spaces such that H, the sheaf generated by the presheaf
of sections of H (see 1.5), is a sheaf of algebraic structures, then the cochain spaces
are isomorphic as H-spaces. Thus the (Cech) cohomology group with coefficients

Q) Connecting maps satisfy the condition: p"‘upw'u B pw'u (as H-maps in this case)

whenever p < v < w [6].
(3) Homotopy replaces equality in the usual equivalence relation [5], [6]; this is not
the homotopy-limit of Milnor: Morse theory, Princeton Univ. Press, 1963.
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in H is isomorphic with the cohomology “group” with coefficients in " (consid-
ered as H-spaces). It is clear that the above constructions include the ordinary
Cech theory.

The following definition will be needed below.

DEFINITION 2.13. Let 4 C X, and i: A — X an inclusion map. It is
assumed that A4 is locally closed in X if F is a paracompactifying family of sup-
ports [2, p. 139]. The inclusion map induces an onto map i#' Ch(, 2)—

CE 4 (l4, ), where vl4 = {y;lv; N 4 # F}, by the scheme

(2.132) i#EPYio - - - 1) = I - - - Hip)s

where (g . . . j,) € vl4, fP € CE(v, Z), and F[A = {BEF|B CA}

Define the relatxve cochain space by CE(v, vl4, Z) = Ker i iy, . Then, since
dP(Ker l#) C Ker l , the relative cohomology space H},l(v, vl4, 2) is well defined
and inherits a multiplication from C(v, Z). Also i i7" induces a map i}: HZ(v, Z)
— HE, ,(vI4, T), defined by i¥(fP)) = (l*’f”) since l#dp = dPi} .

If p'™*, = p»*IKer i*, then {HR(v, vl4, D), p'“’* } forms a homotopy-
direct system [5], [6] and the relative cohomology space is defined as the limit of
this system:

(2.13b) HR(X, A, H) = L{HE@, vl4, T), p™"}.

3. Axioms for sheaf cohomology theory. The above cohomology theory
satisfies Cartan’s axioms [3] for a sheaf cohomology theory in the setting for
sheaves of H-spaces. Such a theory is made clear by the following definition.

DEFINITION 3.1. A cohomology theory with coefficients in a sheaf of H-
spaces is a covariant 8-functor [7, p. 40] from the category of sheaves of H-spaces
on a given space to the category of H-spaces and H-maps which satisfies the follow-
ing axioms:

L H,?(X, H) contains a copy of Si(X, H) as a sub-H-space.
IL If0— H - H £ H" — 0 is an exact sequence of sheaves of H-
spaces on X (see 3.2 below), then the sequence
- — HE(X, H") .ﬁ_,HgH(X’ H) i*_,ngH(X’ £ ..
is exact (i.e. Im §* = Ker a*).

II. HE(X, H) = 0 if # is a fine sheaf (see Definition 3.2 below) and p > 0.

DEFINITION 3.2. A sequence of sheaves of H-spaces is exact iff the image
of one map is isomorphic with the kernel of the map w}gch follows in the se-

quence (recall 1.3), that is, the sequence - - - — H;_,; B f; SN Hipr —
- is exact iff Im ;_, =~ Ker a;, where Ker o; = {a € H,la;(a) =~ 6}, and
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Imao;_; = {a€ H;la>~a;_,(b)} (; as defined in 1.3). An exact sequence of
H-spaces is defined similarly.

A sheaf of H-spaces H is fine iff for each fine covering of X (X locally com-
pact [2, p. 141]) or locally finite cover of X, {v;}, [7, p. 74], there exist sheaf
maps o;: H — H (1.3) such that

(3.22) lail c {’;‘,

(3.2b) Oo; = 1.

It is clear if 1: H — H is the identity map, then 1*: HE(X, H) — HE(X, H)
is an H-isomorphism. Also, if H' = H L5 H" then pra* = (Bo)*: HR(X, H') —
HE(X, H").

In contrast to the usual situation the following relation holds.

THEOREM 33. HO(X, H) D Sg(X, H) as a sub-H-space.

PROOF. It is assumed HE(X, H) is trivial for p < 0, therefore HR(v, Z) =
Ker d°. Clearly every section s € Sp(X, H) determines a cocycle in Hp(v, Z).
Thus Sp(X, H) C H3(X, ) (2.1).

In order to obtain a stronger relation, additional assumptions must be made
on the sheaf space, i.e. the way the stalk structures connect to each other topolog-
ically. Thus in the case of sheaves (of algebraic structures) the local maps may be
pieced together to obtain a global map or section of X using the discreteness of
the stalks.

THEOREM 34. Let 0 — H' - H > H" — 0 be an exact sequence of
sheaves of H-spaces on X, then there exists a map 8P: HB(X, H") — HET (X, H')
such that the sequence

—s P n 8% | o+t N O o+t B* ...
- — HE(X, H") HE*(X, H) HET (X, H) —>
is exact.

ProOF. Let » = {v;} be an open cover of X and N = ngn=o Y, #* &.
Clearly o and B# commute with the differentials (2.2).

# #
0— CBw, =) —%— 2w, T) —E— R, 2 — 0
d'P dP ldnp
, a# B#
0— Co*'(, 2) —— CE* ', Z) — B+ (v, 2") — 0
If (fP) € HB(v, "), define the connecting map 8 by
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(3.42) 5p(< P)) = (6PfP) = (a#_l dpﬁ#_ 1 1P).
That the map 67 is well defined follows below and 67 commutes with the

connecting maps of the homotopy-direct system.
Let g8, g2 € B*~1(fP), then

dP(gh o g8) = dPgh o dPgl =~ dPa*hP = o*d'PhP
for some 4P € CR(v, =), since g? o g5 € Ker f¥. Thus
(@] o dPgh) o (*d'PhP) =~ dPgB o (dPgd o a*d'Pppy ~ gP+1,

or {a¥#~1dPgh) = (a*~1dPgP) € HE* (v, 3).
The map &7 is natural by a straightforward argument which is omitted here
(see [5]).

A long exact sequence results:
* * ™
(3.4b) .o —’H,@(v, E") —8—’H,’a’-+‘(v, 2') _2__)Hgl+l(v’ E) .ﬁ.__) e,

Exactness at Hp(v, =") is demonstrated here with the other two cases fol-
lowing by similar arguments [5].

Let (fP) € Im B*, then (fP) = B*(g”)) = (B¥gP), and

S*(fPY) = (8PfP) = (o ~1dPR#~1fP) = (a¥~1dPgP) = (gP*+1),

or Im B* C Ker 6*.

Let (fP) € Ker §*, then 8*({fP)) = (8PfP) = (§P*1). But §PfP =
o~ 1gPp#=1fP 0 gP € B#~1fP has the property that B*((g?)) = (fP).

By passing to the limit of the exact sequences (3.4b) one obtains the desired
exact sequence.

THEOREM 3.5. HE(X, H) is trivial for p > 0 if H is fine.

PrOOF. Let v = {y;} be a fine cover (or locally finite cover) (3.2), {o;} a
set of sheaf maps with supports in {v;} (3.2a), and {a}} the induced maps on the
space of sections (1.3).

Define a map D: CB(v, £) — CE~1(v, Z), by

(3.52) OfPYig -« - ip_y) = .2 PGy - -« Jip_y)),
jen

where 7 is a finite set. Then if x € (2,_}, v, \0js OFP)Gg - - - By )x) > 0,.
Note that la}sl C |s| for all s € S(X, H), thus |DfP| C |fP|. Combining
the maps D and d one obtains

14
(3:5b) @DfPG, ... i) = O (c)rxk( O &ifP(iy... 5. .. jip)),
k=0 jE®™
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. . , (PH1 My cpst .
(3.5¢c) DdPfPGy...i)= O ah( O W *yfPly---%---ips1))>
hen’ k=0
where ig . . . iy = hig. .. hi,.
In order to obtain nontrivial results j must take on the values i . . . i,.
Combining (3.5b) and (3.5¢) one obtains

14
(3.5d) @ ~'D o DdP)fPGy ... 1) = O a:.n fPGy - - - 1) = fPGy - - - ip)

n=0
Thus Ker @° =~ Im dP~! and HE(v, Z) is trivial as an H-space.

4. Excision. As an application of the above theory an excision theorem is
proved (recall 2.13).

THEOREM 4.1. If U C X is open, U is contained in the interior of A C X,
and j': (X\U, A\U) — (X, A) is the inclusion map, then for any family of sup-
ports F

(4.1a) J'*: HE(X, A, H) —> HEX\U, A\U, H).

PROOF. Let » be an open cover of X and w = j~!(») an open cover of
X\U. Let v and w be the corresponding nerves of the covers v and w. The covers
of X are assumed to satisfy: v, N U # & implies v, C A. Such a collection of
covers is cofinal in the collection of all open covers of (X, 4) [11, p. 243].

The following diagram is determined:

# H
n I
0 — CB(, vl4, T) —— CB(v, =) —> CR4l4, Z)— 0

it i# I it
i it
0 —> CB(w, wld, ) —— CB(w, =) == CB,(wl4, Z) — 0

The rows are exact by 2.13, square I commutes and square II commutes
up-to-homotopy. The maps jf and jf, 4 are isomorphisms since j(i, . . . ip) =
Go-..0y)forall Gy ... i,) € w(p).

The map j,* is onto, since nij.* = j#n¥, and satisfies

CB(v, vl4, Z) ~ j¥n¥CB(v, vl4, Z) = n¥ j'#CB(v, vl4, =) =" ¥CB, vl4, 2).

Thus j,* is an isomorphism and j'* is an H-isomorphism.
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5. Homotopy.
DEFINITION 5.1. If f: X — Y and H is a sheaf of H-spaces on Y, then the

inverse image sheaf on X, f*H, is defined as the subset of X x H{ which satisfies
the matching condition f(x) = p(a), where p: H — Y is the projection map.
Note that (f*H), ~ H £(x) 8 H-spaces. An f-cohomorphism f*: H — f*H is deter-
mined by this stalk isomorphism.

DEFINITION 52. If f: X — Y and H is a sheaf of H-spaces on Y, then f
induces a map

(5.22) fECiw, 2)— I 1(w), )

by the rule f5%)o . . . iy) = 8%y - - - i), where g7 € CU(w, 2), (g - - - i)
€ f~1(w) (and thus (i . . . i) € w), and Z' = {S(U, f*H), Y}, Itis clear that
£* is an H-homomorphism, | £ (g?)| = Ig?| (see 2.1), and it may be easily shown
that df¥ ~ f#q.

Define an H-homomorphism

(5.2b) A HIw, T)— HI '), Z)

by fE(e®) = (fgD.

Letz =f~'(w),u = f~(v), and p"*,: HI(v, T) — H(w, =) and
p**,: H(u, ') — H(z, ') be the maps defined in 2.7. Then f%p**, ~
p**, [ since fEp¥# =~ p?* f* Thus f induces a map

(5.2¢) [* HY(Y, H) — HUX, f*H)

defined as the homotopy-direct limit of the system of maps {f;}. Clearly if
f=1: X — X then f* is the identity homomorphism, and if X Ly Z, then
@EN* = rrg* (cf. 3.2).

Let g: X x I — X be the projection on the first element, and if ¢ € I let
it X — X x I be the inclusion defined by i,(x) = (x, ?).

THEOREM 5.3. If H is a sheaf of H-spaces on the space X and q and i, are
the maps defined above, then i¥: HE (X x I, H x I) — HE(X, H) is an H-iso-
morphism and is independent of t € L

ProOOF. Note that g*H = H x I in view of 5.1. If w is an open cover of
X, then w x I = g~ 1(w) is a cover of X x I and q induces the map qﬁ: CHw, 2)
— C&y w x I, =), where ' = {S(U, q*H), r}}}. This induced map is an H-
isomorphism in view of 5.2. Thus g* is an H-isomorphism, and since qi, = 1,
i*q* = (qi,)* = 1*, and the map i} is an H-isomorphism independent of ¢ € L.
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